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Abstract. The fine abelian group gradings on the simple exceptional clas- 
sical Lie superalgebras over algebraically closed fields of characteristic are 
determined up to equivalence. 



1. Introduction 

The purpose of this paper is the complete determination of the fine gradings 
on the exceptional simple Lie superalgebras over an algebraically closed field of 
characteristic in Kac's classification |Kac77aj : D(2, l;a) (a ^ 0,-1), G(3) and 

Let A be an algebra (not necessarily associative) over a field F. An abelian group 
grading on A is a decomposition 

T:A = ® geG A g (1.0.1) 

into a direct sum of subspaces (the homogeneous components) , where G is an abelian 
group, and such that A g Ah Q A g +h for any g,h e G. Since only abelian group 
gradings will be considered in this paper, we will refer to them simply as gradings. 

Given two gradings Y : A = (Bg^aAg and Y' : A = ® g >eG'A g ', Y is said to 
be a refinement of Y' (or Y' a coarsening of Y) if for any g G G there is g' G G' 
such that A g C A g i . That is, any homogeneous component of Y 1 is the direct sum 
of homogeneous components of Y. The refinement is proper if there are g 6 G 
and g' £ G' such that A g C A g > . A grading is said to be fine if it admits no 
proper refinements. Therefore, any grading is obtained as a coarsening of some fine 
grading. 

Moreover, the gradings Y and Y' are said to be equivalent if there is an automor- 
phism <p 6 Aut A such that for any g 6 G there is a g' e G' with </?(*4 s ) = -4 S ' . 

The type of a grading T on a finite-dimensional algebra A is the sequence of num- 
bers (ni, . . . , n r ) where ni is the number of homogeneous components of dimension 
i, i = 1, . . . ,r, with n r ^ 0. Thus dim .4 = J2l=i 

Assume from now on that the ground field F is algebraically closed of character- 
istic and that A is finite-dimensional over F. Given any grading Y, the diagonal 
group Diag r (.4) of Y is the subgroup of Aut A consisting of those automorphisms 
which act as a scalar multiple of the identity on each homogeneous component. If 
r is a fine grading, then Diag r („4) is a maximal abelian diagonalizable subgroup 
of Aut„4 (see |PZ89j ). And conversely, given any maximal abelian diagonalizable 
subgroup M of Aut A, the algebra A decomposes as the direct sum of the common 
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eigenspaces of the elements in M: Tm '■ A — ® xeM A x , where M is the group of 
characters of M, that is, the continuous group homomorphisms x : M — > F x for 
the Zariski topology, with A x = {x € A : <p{x) = x{^p) x € M}. Then Tm is a 
fine grading. In this way, the classification of fine gradings on A up to equivalence 
corresponds to the classification of maximal abelian diagonalizable subgroups of 
Aut.4 up to conjugation. 

A very important fine grading on a simple finite-dimensional Lie algebra q over 
F is given by the root space decomposition relative to a Cartan subalgebra (the 
Cartan grading). This is a grading over 17 with r the rank of the Lie algebra. But 
there appear many other fine gradings, some of them related to gradings on matrix 
algebras. The fine gradings on the simple classical Lie algebras have been deter- 
mined through the work of many authors (see [EldlOj and the references therein). 
For the exceptional simple Lie algebras, the fine gradings have been determined for 
G 2 ( see |DM06j . [BT09] . or [EKIOj L for F 4 QDM09] . jDralOj . or [EKlOj L and for 
E% ( |DV10| b Many of the fine gradings on these exceptional algebras are strongly 
related to gradings on either the octonions or the exceptional simple Jordan algebra 
(or Albert algebra). 

The definitions above on gradings on algebras carry over in a straightforward way 
to superalgebras. Thus a grading on a superalgebra A = Aq®Ai is a decomposition 
as in (|1.0.1[) with the homogeneous components „4 s 's being subspaces in the super 
sense: A g = (A g fl Aq) ® (A g D Ai). It makes sense to talk about refinements, fine 
gradings, equivalent gradings, ... 

The exceptional simple Lie superalgebras D(2, 1; a) (a^O,-l), G(3) and F(4) 
in Kac's classification |Kac77aj are related to some noteworthy algebras and super- 
algebras. The Lie superalgebras D(2, 1; a) (a ^ 0,-1) are related to the algebra 
of quaternions, while G(3) and F (4) are related to the octonions. On the other 
hand, F(A) appears related to an exceptional simple ten-dimensional Jordan super- 
algebra discovered by Kac |Kac77b) by means of the so-called Tits-Kantor-Koecher 
construction. The gradings on the octonions were classified in |Eld98) . and the 
gradings on the Kac Jordan superalgebra in CDM10 . These results will be used 
here. 

The paper is structured as follows. The next section will be devoted to review 
some facts on gradings on matrix algebras, as some gradings on the even Clifford 
algebra of a seven-dimensional vector space endowed with a nondegenerate qua- 
dratic form will be needed in dealing with the simple Lie superalgebra F(A). The 
relationships of F(A) with the octonions and with Kac Jordan superalgebra will be 
reviewed in Section [3] These results will be instrumental in the classification of 
the gradings on F{A) in Section 01 Section [5] deals with the fine gradings on G(3). 
The situation here is simpler using the known results on gradings on the octonions 
and on the simple Lie algebra of type G2 . In Section [5] we will look at certain 
subgroups of the group of automorphisms of D(2, 1; a) (a 7^ 0,-1) which will ap- 
pear in Section [71 which deals with those fine gradings on these Lie superalgebras 
with corresponding maximal abelian diagonalizable subgroup fixing the three sim- 
ple ideals of the even part. Finally Section [8] will deal with the remaining cases 
in which there are automorphisms in the maximal abelian diagonalizable subgroup 
which permute some of these simple ideals. 

It turns out that, up to equivalence, there are five fine gradings on F(4) (Theorem 
I4XTT) . only two on G(3) (Theorem [5321) , an d five on D(2, 1; a) (a ^ 0,-1) if 
a ^ {1, — 2, — i, d, oj 2 } (where uj is a primitive cubic root of 1), six on D(2, l;a) if 
a e {1,-2,— i}, and four on D(2,l;a) if a £ {w,w 2 } (Theorem [5X31). 
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In what follows our ground field F will be assumed to be algebraically closed and 
of characteristic 0. All vector spaces and (super)algebras will be hnite-dimensional 
over F, and unadorned tensor products <8> will be assumed to be defined over F. 

2. GRADINGS ON MATRIX ALGEBRAS 

In this section we will recall some known results which can be consulted in 
[EldlOj . 

2.1. Let TZ be a simple central associative algebra (that is, TZ is isomorphic to the 
algebra of matrices Mat„(F) for some natural number n), and let T : TZ = (Bg^G^g 
be a grading on TZ. Let / be a minimal left graded ideal of TZ. Then there is an 
idempotent egK such that I = TZe, the subalgebra V = eTZe is a graded division 
algebra isomorphic (as graded algebras) to the endomorphism ring End^ (I) (action 
of T> on / on the right), where Find-jz(I) is endowed with the grading induced by 
the grading on /. 

Let V be a graded irreducible module for TZ: V — (B g£G V g , where G is a group 
containing the group G as a subgroup, and where TZhV g C V} l+g for any h e G 
and g £ G. By irreducibility V — TZV — ITZV — IV, so there is a homogeneous 
element v £ V such that V — Iv. Therefore V is isomorphic to / by means of a 
homogeneous map (p : I — > V, x i— > xv, of degree deg(w) € G (<p(Ih) Q ^4,+deg(u))- 
Thus the grading on TZ determines uniquely the grading on the graded irreducible 
module V up to a shift (by the element deg(w)). 

Then there appears the natural graded isomorphism $ : T> ~ End^/) — > 
End^l^), / i y ipfip^ 1 , between the corresponding graded division algebras. In 
this situation we will write 1{TZ) = [D] , where [D] denotes the isomorphism class 
of the graded division algebra V (as a graded algebra). 

Moreover, TZ is then graded isomorphic to Endp(V"), this latter algebra endowed 
with the grading induced by the one in V . In particular the homogeneous compo- 
nent of degree of TZ = Endu(l/) = Mat m (2?) (m = dimp V) contains the diagonal 
matrices with entries in T>q = F, so it contains m orthogonal idempotents. 

The structure of the graded division algebras is given in EldlO, Proposition 2.1]: 

Proposition 2.1.1. Let T : T> = (Bgec'Dg be a central graded division algebra over 
the group G. Then H = SuppT is a subgroup of G and there is a decomposition 
H = Hi x ■ • • x H r , where for each i = 1, . . . ,r, Hi is isomorphic to Z ni x 

Hi a power of a prime, such that T> = T>\ T> r ~ "D\ ® • • • ® T> r , where each 

T^i — (SheHi'Dh is graded isomorphic to the algebra A ni , where A n is the algebra of 
matrices Mat„(F), but considered as the algebra generated by two elements x and y 
satisfying x n — 1 = y n , xy = e n yx, where e n is a primitive nth root of unity, and 
graded over Z„ x Z n with deg(a;) = (1, 0) and deg(y) = (0, 1). 

The most important example for us of a graded division algebra is the graded 
quaternion algebra Q = Mat2(F), which is a Z2 x Z2-graded division algebra with: 

6(0,5) =F1, 6(1,5) =F 9l , 8(0,1) =F<? 2 , 8(i,i) =F<73, (2.1.1) 

where 

?l= (J q2=(° 1 J), 9S=(_° 1 J), 

so that q\ = 1 = g| an d qiQ2 = — <Z2<Zi = <Z3- It is endowed with its standard invo- 
lution, where q~i = —qi for i — 1, 2, 3, which preserves the grading. This involution 
is the adjoint involution relative to the norm N : Q — > F, where N(x) — det(.T) for 
any x G Q. Note that Q = A 2 . 
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Given a graded involution r of a simple graded algebra 1Z ~ Endp(V^) as above 
(this means that TV g C !Z g for any g £ G), and a fixed graded involution td 
of the graded division algebra T>, then there is e = ±1 and an e-hcrmitian form 
h : V x V — » I? relative to r-p: 

ft.(u, tutf) = /i(u, w)d, h(w, v) = eh(v, w) TT) , 

for any d £ D and v, w <E V 7 , such that /i(r«, w) = h{v, r T w) for any r £ 1Z and 
(See [EldlOl Section 3].) 

2.2. Let (U,q) be a vector space graded over an abelian group G: U — ® g ^GU g , 
and endowed with a nondegenerate quadratic from such that q(U g , Uh) — unless 
g + h = 0, where g(it, u) = q(u + v) — q(u) — q(v) denotes the polar form of q. In 
other words, q induces a degree linear form q : U ®U — > F, where F is endowed 
with the trivial grading F = Fo. In this situation the grading on U is said to be 
compatible with the quadratic form q. 

Assume that the dimension of U is odd: dimU = 2n + 1. Then there is a 
homogeneous basis {ui, Vi : i = 1, . . . , m} U {u^ : j = 1 . . . , 21 + 1} with n = m + I, 

deg(iti) = - deg(uj) = g t . E G, deg(wj) = hj G G, 2/ij = 0, 

for i = 1, . . . , m, j = 1, ... ,21+1, and the only nonzero values of q for basic elements 
are given by 

q{ui,Vi) = 1 = q(Wj), 

for any i = 1, . . . ,m and j = 1, . . . , 21 + 1 . 

This grading on U induces a grading on the Clifford algebra £l(U,q), which 
is the quotient of the tensor algebra on U by the (graded) ideal generated by 
{u 2 — q(u)l : u e U}. The Clifford algebra €X{U, q) is also naturally Z2-graded (the 
elements of U being odd), so €l(U, q) = £[g(Z7, q) © £-h(U, q), and the even Clifford 
algebra £[5 (U,q) is central simple and inherits the grading over G induced by the 
grading on U. 

The element 

z= [ui,«i] • • • [u m ,w m ]wi • • • W21+1 

is central with z 2 = (—1)' (note that [ui,«i] 2 = (uivi — viux) 2 = ui^iUiWi + 
UiUiUiUi = U1V1 + V1U1 = q(ui,vi)l = 1 since u 2 = v\ = 0), and the center of 
£1(17, q) is Fl + Fz. 

The next lemma will be quite useful later on. 

Lemma 2.2.1. Let (U,q) be a G-graded nondegenerate odd dimensional quadratic 
space as before, let u,v be homogeneous elements of U with q(u) = q(v) = and 
q(u,v) = 1, and let U' be the orthogonal subspace to u and v (which inherits a 
G-grading too). Then there is a two-dimensional G-graded vector space W such 
that £(g({7, 3) is isomorphic, as a graded algebra over G, to the tensor product 
Endr(W0 <X> <Ho(U',q), where the grading on ~Endr(W) is the one induced by the 
grading on W . 

Proof. Complete u± = u and v\ = v to a homogeneous basis as above and let z = 
[iti , vi] ■ ■ ■ [u m , v m ]wi ■ ■ ■ W21+1 ■ Then £Iq(U, q) is generated as an algebra by the ele- 
ments zui, zvi, ... , zu m , zv m , zwi, . . . , zw 2 i- Let z = \u,i,V%\ ■ ■ ■ [u m , v m ]wi ■ ■ ■ w 2 i+i- 
Then z 2 = (—1)' too, and z — \u\,v\\z — z\a\,v\\. Besides, z commutes with 

U2,V 2 ,...,U m ,V m ,Wi,...,W 2 l+l but ZUi = -U\Z, ZVi = -V\Z. As [u\,Vx] = 

(— l) l [zu\, zvi], £[g(J7, q) is generated by the elements zu\ and ZV\ and by the ele- 
ments ZU2, ZV2, ■ ■ ■ , zu m , zv m , zw\, . . . , ZW21 ■ The first two elements commute with 
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the remaining ones, so we get: 

Clo(U,q) = alg (zui, zv\) alg (zu 2 , zv 2 , zu m , zv m , zw\,. . . , zw 2 i) 

~ alg (zui, zvi) <g> alg (zu 2 , zv 2 , . . . , zu m , zv m ,zwi, . . . , zw 2 i) 
= alg {zu\, zvi) <g> £lo(f/', q). 

But the map zu\ i— > zt>i i-> ( o)' extends to an isomorphism 5 = 

alg zui) — >• Mat 2 (F). The clement e = (— l) 1 (zu\)(zv\) — u\Vi is a degree 
idempotent with eSe = Fe and hence I = Se = span {u\Vi, zvi} is an irreducible 
graded left ideal. With W — I we get 5 ~ EndF(VK) as required. □ 

Note that {u\Vi,zvi} is a homogeneous basis of W with deg(uiWi) = and 
deg(;zvi) = dcg(z) + deg(wi) = dcg(z) — deg(ui), with deg(z) being the sum of 
the degrees of the elements in the homogeneous basis considered (although it is 
independent of the basis). The order of deg(z) is 2. 

Take a homogeneous basis as before. Then the degree of the odd central element 
z is h = hi + ■ ■ ■ + h 2 i + i with 2h = 0. The even Clifford algebra £Iq(U, q) is 
generated by the homogeneous elements zu\,zv\, . . . , zu m , zv m , zw\, . . . , zw 2 i, and 
hence wc may shift the degrees in U by assigning a new degree deg(u) = deg(u) + h 
to any homogeneous u e U. With this new grading deg(z) = (21 + l)h + h = 0. 
Since 2h = this does not change the degree of the homogeneous elements zu, as 
deg(z) + deg(u) = deg(z) + deg(tt), and hence it does not change the grading on 
the even Clifford algebra €Iq(U, q) (it only adds h to the degree of the homogeneous 
odd elements!). In the new grading, the sum of the degrees of any homogeneous 
basis of U is 0. 

In what follows we will consider gradings on U with this property. 

It must be remarked here that this grading cannot be shifted while preserv- 
ing its properties: if we shift the grading, that is, if we add a fixed g in some 
abelian group containing g\, . . . , g m , h\, . . . , /i2i+i to the degree of the elements 
Mi, «i, . . . , u m , v m ,wi, . . . , W21+1, then we must have 2g = (as q has degree 0) and 
(21 + l)g = (as the sum of the degrees of the elements of any homogeneous basis 
is 0). Wc conclude that g = 0, so the shift is trivial. 

The Clifford algebra £l(U, q) is endowed with the so called bar involution deter- 
mined by the condition u = —u for any u G U. Its restriction to €Iq(U, q) will play 
a key role here. 

To finish this subsection, note that for u,v,w € U , we have 

[[it, v], to] = uvw — vuw — wuv + wvu 

= (q(v, w)u — uwv) — (q(u, w)v — vwu) 

— (q(w, u)v — uwv) + (q(w, v)u — vwu) 
= 2(g(w, to)tt — q(u, w)v) . 

Since the orthogonal Lie algebra so(U, q) is spanned by the maps to i— > q(u, w)v — 
q(v,w)u for u, v € U, it follows that the subspace of Og(t/, </) spanned by the 
elements [u,v], u, v <E U is isomorphic to so(U,q). Hence so(U, q) embeds, as a 
graded subalgebra, in the Lie algebra €Iq(U, q)~ defined on the associative algebra 
€lo(U,q) by means of the Lie bracket [x,y] — xy — yx. Denote by i : so(U,q) — > 
€Iq(U, q) this embedding. 
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2.3. Let us consider in this and the following subsection a couple of examples in 
dimension 7 which will be instrumental in our work on the fine gradings on the 
exceptional simple classical Lie superalgebra -F(4). 

Let C be the Cayley algebra over F. This algebra C has a basis {l,ej : i = 
1, . . . , 7} with multiplication given by lx = xl = x for any x, and 

ef = -1 Vi, eie i+ i = -e i+ iei = e i+3 

and cyclically on e^, e^+i and ei+3 (indices modulo 7). Besides, C is endowed 
with a nondegenerate quadratic form iV (the norm) such that the above basis 
is orthogonal and iV(l) = iV(ej) = 1 for any i. This quadratic form permits 
composition: N{xy) — N(x)N(y) for any x, y G C, and any x G C satisfies the 
degree 2 equation x 2 — N(x, l)x + N(x)l = 0. 

The Cayley algebra is Zj-graded with deg(ei) = (I, 0, 0), deg(e 2 ) = (0, 1, 0), and 
deg(e 3 ) = (0,0,1). 

Let C° be the subspace of C orthogonal to 1, that is, the subspace spanned by 
the Bj's, and consider the linear map given by left multiplication in C: 

l:C°-> End F (C) 

x h+ l x : C — » C, y 1— > xy. 

Since l 2 , = l x s = —N(x)l for any x e Co, I induces a graded homomorphism 
£[(C ,— N) —> Endp(C) which restricts, by dimension count, to a graded isomor- 
phism £lo(C°, -N) -> End F (C). 
This shows l(£lo{C ,-N)) = [¥]. 

Moreover, the bar involution in £[(C°, — N) is determined by x = — x for any 
x G C . Under the isomorphism above, it corresponds to the involution on Endp(C) 
such that l x — —l x for any x G C°. But N(xy,z) — —N(y,xz) for any x G C° 
and y, z G C. Hence the bar involution corresponds to the orthogonal involution of 
Endp(C) induced by the norm N. 

2.4. Let us consider now the Z^-graded division algebra of split quaternions Q 
considered in 12.11 

Then Q (g) Q is a natural Z|-graded right module for Q by means of 

(x ® y)q = x <gi (yq), deg(x ®y)= (deg(ac), deg(y)) G 7L\ x l\ = 7L\. 

Thus Q (g) <2 is a free right Q-module of rank 4. 

Consider the standard involution on Q and the linear map given by 

$ : Q<8> Q<8> Q — > End s (Q ® Q) 

a ® & (g c i-» $a®b®c (ax&) (g (cy). 

Then $ is a homomorphism of algebras. But 2® Q® Q ~ Mats(F) is simple, so 
by dimension count we conclude that $ is an algebra isomorphism, and hence <fr 
becomes an isomorphism of Z|-graded algebras, where the grading on Endg(Q<£> Q) 
is the one induced by the Z|-grading on Q (g Q, and the grading on Q (g Q (g Q is 
then given by 

deg(a (g & (g c) = (deg(a) + deg(&), deg(c)) £ ^ x = Zg, 
for any homogeneous a, 6, c G Q. 

Consider now the subspace {/ of Q €5 <2 (8) Q spanned by the following elements: 
wi = q\ (g 1 (g 1, ui 2 

= 92 ® 1 ® 9l , W4 

«-> 5 = 92 ® 9i ® 92, w 6 
W7 — q2 <g ^2 <g 92- 



g 3 ® 1 ® 1, 

92 <g 1 <g 93, 
92 <g 93 ® 92, 



(2.4.1) 
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Note that WiWj — —WjWi for any i ^ j, and wf is either 1 or —1 for any i = 1, . . . , 7 
in the algebra Q ® Q <g> Q. 

Endow U with the nondegenerate quadratic form q where {wi : i = 1, . . . 7} 
becomes an orthogonal basis and wf = q(wi)l for any i. The subspace U inherits 
the Zj-grading on Q ® Q ® Q. Then the inclusion U Q ® <2 ® <2 satisfies 
?i 2 = 9(^)1 for any 11 e [/, so it induces a homomorphism of graded algebras 
£I(J7, q) — ► <2<8) <2 which is the identity on U, and which restricts, by dimension 
count, to a graded isomorphism €Iq(U, q) — »• Q ® Q ® Q. 

Note that the degrees of the basic elements are: 

deg(u;i) = (1, 0, 0, 0), deg(w 2 ) = (1, 1, 0, 0), 

deg(u> 3 ) = (0, 1, 1, 0), deg( W4 ) = (0, 1, 1, 1), 

degK) = (1, 1, 0, 1), degK) = (1, 0, 0, 1), 
degK) = (0,0,0,1). 

Hence all these degrees are different, and they sum up to 0. 

The graded isomorphism $ shows that I(€Iq(U, q)j — [Q] in this case. 

Moreover, the bar involution on £((£/, q) is determined by the fact that Wi = —u>i 
for any i, and therefore it corresponds to the involution on Q® Q® Q given by 

a ® b® c = a ®b ® q^ 1 cq2, 

for any a,b,c e Q. (Note that q% q 2 q2 = -?2, while q% q~i<l2 = —% <li<h = Qi for 
» = 1,3.) 

Under the isomorphism $, this bar involution corresponds to the adjoint relative 
to the skew-hermitian form 

h: (Q® Q) x (Q® Q) — > Q 

/ s (2.4.2) 

{x®y,u®v) ^yq2vN(x,u). 

(Note that indeed h(x ® y,(u® v)q) = h[x ® y,u ® v)q, and h(x ® y,u ® v) — 
yq2vN(x,u) = —vq2yN(u,x) = —h(u®v,x®y) for any x,y,u 7 v,q G <2, since 

92 = -92-) 

Actually, for any a, b, c, x, i/,ti,u£ Q: 

h($ a ®b® c (x ®y),u®v) = h(^(axb) ® (cy), u®vj 

— ycq2vN(axb, u) 

= yq2(q 2 ' 1 cq2)vN(x,aub) 

= h(x ® y, (aub) ® (q^cqz)'^ 
= h[x®y^ 7 ^ m - c {u®v)j. 



2.5. In this subsection we will determine the possible isomorphism classes T(TZ) 
for the graded algebra 1Z — £Iq(U, q) for a seven dimensional vector space U. As in 
Subsection 12.21 we take a homogeneous basis {u\, v\, . . . , u m , v m , w%, . . . , wr-2m}, 
where < m < 3, with q(ui, Vi) = 1 and deg(u^) = = — deg(ui) for 1 < % < m, 
q(wj) = 1 and deg(iUj) = hj, 2hj = 0, for 1 < j < 7 — 2m, with the added condition 

Of hi H h /i7_2 m = 0. 

Moreover, we will assume that the elements hi, ... , h^^m are all different. Oth- 
erwise, if for instance hi — hi, substitute wi and W2 by u m +i = 5(^1 + y/—lw2), 
v m +i = — v 7- 1^2); to get a new homogeneous basis where m is increased by 
1. 

Let us consider the different possibilities: 
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m = 3 : In this case a repeated application of Lcmma l2 .2 . 1 I shows that €\q(JJ, q) 
is isomorphic (as a graded algebra) to EndF(W / i)<g)EndF(W /r 2)<g>EndF(W / 3) = 
EndpfW) with W — Wi®Wi®Wz a graded eight-dimensional vector space. 
Hence I\£Xq{U, cm — [F] in this case, and note that the G-grading on U 
can be refined to a Z 3 -grading (substituting gi, gi and 173 by three free 
generators) with the same properties. 

The fact that hi, hi and /13 are different and sum up to force 



that hi and hi are nonzero and /13 = hi + hi. Then Lemma 12.2.11 shows 
that €Iq(U, q) is isomorphic, as a graded algebra, to Endp^) ® €Iq(U', q), 
where W is a graded space of dimension 4 and U' is the subspace spanned 
by wi,u>2, W3. But this latter subalgebra is Z?,-graded (hi and hi being the 
generators of Z| ) with all the homogeneous spaces of dimension 1 , and hence 
it is a graded division algebra isomorphic to Q. Therefore 1(£.Iq(U, q)) = 
[Q] here, and note that the grading can be refined to a Z 2 x Zj-grading 
with the same properties. 

Note that the subgroup H generated by the hi's is a direct sum of 



1 



copies of Z2. The fact that the hi's are different and its sum is forces that 
the rank of H , as a vector space over Z2, be either 3 or 4. 

If the rank is 3, we may reorder our basis {ui, Vi,wi, wi,w^,wi, w$} so 
that hi, hi and h% are Z2-linearly independent {hi = deg(uii) for any i). 
Then necessarily, up to the order of wi and 105, we have hi = hi+hi+hz and 
h 5 = 0. By Lemma EHQ &k(U, q) is isomorphic to End F (W) ® £l$(U', q), 
for a two-dimensional graded vector space W , where V is the span of the 
Wi'a. Note that €Xq(U' ,q) is Z^-graded (with hi,h 2 ,h 3 the generators of 
Z§). The component <LIq(U' , q)o is spanned by 1 and W1W1W3W4, and hence 
<£Iq (U',q) is not a graded division algebra, but it is neither isomorphic, as 
a graded algebra, to End^VF') for a graded vector space W, since here 
the homogeneous component of degree is at least four-dimensional. We 
conclude that l(€lo(U,q)) = l(£k,(U',q)) = [Q] in this case. Again the 
grading on U can be refined to a Z x Z^-grading. 

However, if the rank is 4, then we may reorder the elements of our basis 
so that hi,hi,h%, hi are linearly independent. The only possibility left for 
h 5 is h 5 = hi + h 2 + h 3 + h 4 . By Lemma 12.2.11 €Iq(U, q) is isomorphic to 
End]p-(M / ) ® £[q([/',<7), and <£.Iq(U', q) is a Z|-graded division algebra (and 
thus isomorphic to Q ® Q by Proposition 12 . 1 . lj) . We conclude here that 
X{€lo(U,q)) =X(€lo(U',q)) = [Q® Q]. 



1 = : Here the support of the grading group is generated by the h^s, and 
hence it is isomorphic to Z2 for some r. The fact that the hi's are different, 
its sum being 0, forces 3 < r < 6. 

If r = 6, £Iq(U, q) — alg (zwi, zwi, . . . , zwq) is a graded division algebra, 
andl(€lo(U,q)) = [Q®Q®Q]. 

If r = 5 we may assume that hi , . . . , /15 are linearly independent over 
Z2 and we have, up to a reordering of the elements in the basis, two pos- 
sibilities: either he = hi + • ■ • + h$ and hj — 0, or hg = hi + hi and 
h 7 = h 3 + h 4 + h 5 . In the first case, the homogeneous subspace of degree in 
£[q({/, q) is spanned by 1 and zwj, while in the second case it is spanned by 1 
and W3W4W5W7. Arguing as before we conclude that l(£Ig(C/, q)) = [Q® Q]. 

Assume now that r = 4. Then, up to a reordering of the basic elements, 
we can take hi, hi, /13, hi linearly independent and either h$ = hi + hi, 
he = /13 + /14, and h-j — 0, or h& = h\ + hi, he = hi+ha, and hj = hi+h^. In 
the first case the homogeneous component of degree in £[g(J7, q) is spanned 
by 1, ZW1W1W5, ZW3W1WQ and zwi, and hence this degree component is 
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isomorphic to Mat2 (F) , which contains two orthogonal nonzero idempotents 
whose sum is 1 but cannot contain four such idempotents. We conclude then 
that T(£[ Q (£/,<?)) = [Q<g>Q] holds. In the second case we are in the situation 
of Subsection 12.41 with hi = dcg(w 7 ), h 2 — deg(u>i), h 3 — deg(w 2 ) and 
hi = deg(w 4 ) in gXTJ, and hence T(£lo(U, qj) = [Q]. 

Finally, for r = 3 and up to a reordering of the basic elements, we can 
take hi, h 2 , h$ linearly independent, hi — hi+h 2 , /15 = h 2 +hs, h§ = hi+hs 
and hr = hi + h 2 + /13. This is precisely the situation in 12.31 and hence 
l(<Uo(U,q))=[F). 



3. Some models of the exceptional simple classical Lie superalgebra 

F(4) 

Let = 0o ©01 be the simple Lie superalgebra of type F(4). Then Qq is the direct 
sum of two proper simple ideals: 0g = Qi © ^3, where cii is simple of type A\ and 
b3 is simple of type -B3; while Q\ is, as a module for 00, the tensor product of the 
two-dimensional irreducible module for ai and the spin eight-dimensional module 
for b^. There is a unique, up to scalars, nonzero 0g-invariant map 0i <S>0i — > go (the 
bracket of odd elements) satisfying that is a Lie superalgebra (different scalars 
give isomorphic superalgebras). 

3.1. F(4) and the Cayley algebra. The ideal 63 of 0g can be identified with 
the orthogonal Lie algebra so(C°, —N), and the spin module with C for the Cayley 
algebra C as in Subsection 12.31 Then 

So =sp{V)®so{C°,-N), 5l = V®C, 

for a two-dimensional vector space V endowed with a nonzero symplectic form (u\v). 
Take a basis {vi,V-i} of V with = 1 and grade V over Z with deg(w±i) = 

±1. This grades 01 = sp(V) = sl(V) over Z with degrees 0, ±2. On the other hand, 
the Z^-grading on C in 12.31 is compatible with the norm (N(Cg,C®) — unless 
g + h = 0), so it induces a Zj-grading on b 3 = so(C°, —N) of type (0, 0, 7), with the 
zero component being trivial, and the remaining seven homogeneous components 
being Cartan subalgebras of so(C°, —N). 

Combining these gradings we obtain a Z x Z^-grading on F(4) whose type is 
(19,0,7). 

3.2. F(A) and the Kac Jordan superalgebra. Given any Jordan superalgebra 
J , its Tits-Kantor-Koecher Lie superalgebra is the Lie superalgebra: 

IW(J) = (Q ® J) ®X>ex(J), 

where Q is our quaternion algebra, with bracket determined by T)zx{J) being a 
subalgebra, and by: 

[a x, b ® y] = [a,b] ® xy - 2N(a,b)[L x ,L y ], 

[d,a®x] = a ® d(x), 

for any a, b £ Q°, x,y E J , and d £ 0er(j7), where L x denotes the left multiplication 
by x. This construction, in this form, goes back to |Tit s62 (in the ungraded case). 

The ten-dimensional Kac Jordan superalgebra /C10 is a simple Jordan superal- 
gebra discovered in |Kac77b] , and which is easily described in terms of the smaller 



10 



CRISTINA DRAPER, ALBERTO ELDUQUE, AND CANDIDO MARTIN-GONZALEZ 



Kaplansky superalgebra K.3 (see [BE02] ). The tiny Kaplansky superalgebra is the 
three-dimensional Jordan superalgebra 

Ka = (£3)0 6 (£3)1 

with (£3)0 = Fe and (£3)1 = V, where V is a two-dimensional vector space 
endowed with a nonzero symplectic form (u\v). The multiplication in £3 is given 
by 

e 2 = e, ex — xe — —x, xy — (x\y)e, 

for any x,y € V. The bilinear form is extended to a supersymmetric bilinear 
form of K.3 by means of (e|e) = \ and ((£3)01(^3)1) = 0. Its Lie superalgebra of 
derivations 0et(£ 3 ) is just the orthosymplectic Lie superalgebra osp(£3) relative 
to the supersymmetric bilinear form above. In particular 0et(£3)g ~ sp(V), the 
symplectic Lie algebra of V, acting trivially on (£3)5 = Fe. 

Now in |BE02] it is shown that the Kac superalgebra £10 appears as: 

£ 10 - Fl © (£ 3 © £3) 

with unit element 1 and with product determined by 

(a©6)(c©d) = {-if 5 (ac®bd- ^(a\c)(b\d)lj 

for homogeneous elements a, 6, c, d 6 £3. 

The Lie superalgebra of derivations is oet(/Cio) = (Det(£ 3 ) © id) © (id© oet(£3)) 
(with trivial action on 1). 

There are two fine gradings on K. w (see [CDMlOj ) which can be described as 
follows. First take a symplectic basis {i>i, U-i} of V = (£3)1, so = 1. With 

deg(e) = 0, deg(w±i) = ±1 we obtain a Z-grading on /C3 and hence a Z 2 -grading 
on /C10 = Fl © (£3 © £3) , where each copy of £3 is graded independently over 
Z. That is, deg(l) = (0,0) and deg(x © y) — (deg(x), deg(y)) for homogeneous 
elements x,y € £3. The type of this grading is (8, 1). 

On the other hand, there is a natural order 2 automorphism r of £10 with 
t(1) = 1 and r(x © y) = (—l) x ^y © a; for homogeneous elements x, y G £3. Then 
/C10 is Z x Z2-graded as follows: first the Z-grading above on £3 determines a Z- 
grading on £10 with deg(l) = 0, deg(x © y) = deg(x) + deg(y) for homogeneous 
elements a;, y € £3, and this is refined by means of r: 

(£io)(n,o) = (£io)n : r(z) = z}, (/Cio)(„,i) = U € (£io)n : r(z) = -2}. 

The homogeneous component of degree is Fl © F(e © e) ffi F(«i © «-i — u-i © t>i), 
while the dimension of all the other homogeneous components is 1. Hence the type 
is (7,0,1). 

The even part (£10)0 is the direct sum of two simple ideals (of respective dimen- 
sions 1 and 5): 

(£10)0 = F£i © (FE 2 ffi {V © V)) , 

where E\ = — -|l + 2e © e and E% — §1 — 2e © e are orthogonal idempotents, and 
we have E 2 (a © b) = a © 6 and (a © b)(c © d) = \(a\c)(b\d)E 2 for any a, 6, c, d e V. 
On the other hand, the even part of Det(£io) is, up to natural identifications, 

t)er(/Cio)o = (^(£3)0 © id) ffi (id © 5et(£ 3 ) Q ) = (sp(V) © id) ffi (id © «t>(V)), 

and note that (sp(V) © id) ffi (id®sp(V)) is naturally isomorphic to the orthogonal 
Lie algebra so(V © V, Q), where Q is the quadratic form whose associated polar 
form is given by Q(a© 6,c© d) = (a|c)(6|d) for any a, 6, c, d 6 V = (£3)1. 



FINE GRADINGS ON EXCEPTIONAL SIMPLE LIE SUPERALGEBRAS 



11 



Extend the quadratic form Q on V © V to the vector space U — Q° ® (V © V) 
by imposing that Q° and V © F are orthogonal and with the restriction of Q to Q° 
equal to the norm N. 

The Tits-Kantor-Koecher Lie superalgebra ttt(/Cio) is -F(4) (this is how K.10 was 
discovered in [Kac77b ). Note that the even part of the Tits-Kantor-Koecher Lie 
superalgebra tfifi(A^io) is the sum of two orthogonal ideals: 

t«(/Ci ) 5 = Q° ® £7i © (Q ® (F£ 2 (y © V)) © t)er(/Cio)g) 

= Q° <8> © (q° © (F£ 2 © (V © V)) © (sp(V) © «0 © (id © «p(V))) , 

the first ideal Q° © E\ being isomorphic to <2° (the simple Lie algebra of type Ax). 
As for the second ideal, the arguments in [Eld071 pp. 355-356] prove the next result: 

Lemma 3.2.1. The linear map 

Q° © (¥E 2 © (V © V)) © 5er(/Ci ) 5 — > so(C/, Q) 

p©£: 2 ^ ad p (: g ^ e S0 (Q°,iV) 

(which is contained in so(U,Q)), 
p©(w©u) H> .)u © w - Q(w © v, .)p € so(U, Q), 
d >-> d\ v ®v eso(y©y, Q) Qso(U,Q), 
for p £ Q , d € Oer(/Cio)g an d u,v G V — (^3)1, is a Lie algebra isomorphism. 

Note then that if the quaternion algebra Q is graded over an abelian group G 
and the Kac superalgebra /C10 is graded over an abelian group H, then ttt(/Cio) is 
naturally G x H graded, the vector space U = Q° © (V © V ) is G x iJ-graded too in 
a way compatible with the quadratic form Q, and hence it induces a G x iJ-grading 
on so(U, Q), such that the isomorphism in Lemma 13.2.11 is a graded isomorphism. 

For the Z|-grading on Q and the Z 2 -grading on tCw, U is Z 2 x Z^-graded and 
we are in the situation of Subsection 12.51 with m = 2. We obtain a Z 2 x Z 2 -grading 
on F(4) = t«(/Cio) of type (32, 4). 

On the other hand, the Z 2 -grading on Q combined with the Z x Z 2 -grading on 
/C10 gives a Z x Z 2 -grading on U and we are here in the situation of Subsection l2.5l 
withm = 1 axidl(£lo(U,Q)) = [Q]. We obtain a ZxZ^-grading on F(4) = M(K. W ) 
of type (31,0,3). 



4. Fine gradings on the exceptional simple classical Lie 
superalgebra f(4) 

Let = flo © fll be the simple Lie superalgebra of type F(4), and let T : Q = 
©geGflg be a fine grading. Let D = Diag r (g) be the diagonal group of the grading. 
As explained in Section [TJ D is the group of automorphisms tp of g such that for 
any g € G there is a nonzero scalar a g € F such that the restriction of ip to g g 
is the multiplication by the scalar a g . This diagonal group is a maximal abelian 
diagonalizable subgroup of Aut g. The grading is determined by the action of D, 
the homogeneous components being the common eigenspaces for the elements of 
D. 

4.1. The action of g$ on g\. Recall that the even part of g is the direct sum of 
its two proper ideals: gg = °i © &3- Since these are the only proper ideals of gg, 
our grading V (given by the action of the diagonal group D) induces a grading (not 
necessarily fine) on both ai and 63. 
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Identify ai with s^F), that is, with the Lie algebra Q° of zero trace elements of 
Q = Mata (F) . The well known results on gradings on ai (see [EldlOj and references 
therein) show that either there is a diagonalizable element h of degree (that is, 
fixed by all the elements of D), or fli is Zj-graded (there is a subgroup H isomorphic 
to Z| of the grading group G which grades oi). 

As a module for qq, the odd part gj is the tensor product gj = V <g> W of the 
two-dimensional irreducible module V for cii and the spin eight-dimensional module 
W for 63. Note that the action of 01 on V satisfies x(xv) — x 2 v = — det(x)v for 
any x £ ai ~ sb(F) and any v £ V. 

But given any representation p : ai — > gl(Af), as 1— > p x , of our Lie algebra ai 
such that p 2 x — — det(x)l for any x € Oi, the module M becomes a right Q- module 
(Q = Mat 2 (F)) as follows: 

m(al + x) — am — p x (m), (4.1.1) 

for any a £ F, x £ a\ = Q° and m £ M. 

This is what happens for M = Qi as a module for ai. 

If, in addition, ai is Zj-graded (grading induced by the Z^-grading on Q), and M 
is a graded module for ai (that is, M — (Dg^cMg with G a group containing a copy 
H of Z|, and p Xh (m g ) £ M h+g for any h e H, g £ G, x h e (ai) h and m ff G M g ) 
then, since Q is a graded division algebra, M becomes a free right Q-module. 

The action of 63 on jjj commutes with the action of Oi, and hence with the right 
action of Q. Therefore b3 embeds in Endg(gi) as a graded Lie subalgebra. 

On the other hand, the subalgebra 63 is isomorphic to the orthogonal Lie alge- 
bra so(U, q) for a seven-dimensional vector space U endowed with a nondegenerate 
quadratic form q. The results in [Eld 10] show that any grading on so(U, q) is deter- 
mined by a grading on the vector space U (completely determined up to a shifting) 
compatible with the quadratic form. Hence the grading on the superalgebra g 
determines a unique grading on U like the ones considered in 12.21 

The action of 63 on gi factors through the even Clifford algebra (see [Eld04 ) 

b 3 4 €k(U,q) AEnd Q ( 0I ). (4.1.2) 

And by dimension count £[g([7, g) is isomorphic to Endq(jjj) through $. 

Since the gradings on and on £[g([/, q) are determined by the grading on U, 
the embedding 1 preserves these gradings. The fact that gj is a graded module 
for b3 and that (the image of) fa 3 generates £Iq(U, q) shows that $ is a graded 
isomorphism. 

4.2. We are left with two possibilities according to the grading induced on ai. In 
this subsection we will consider the first case: there exists a diagonalizable element 
7^ h £ (oi)o- After scaling if necessary we may assume that, once 01 is identified 
to s 12(F), h is the clement ( -1 ) ■ 

The eigenvectors of the action of h in gg are 2, 0, —2, while those in gj are 1, — 1. 
The eigenspaces are graded subspaces so our fine grading L is a refinement of the 
Z-grading where deg(h) = 0, deg(e) = 2 = - dcg(/) with ef>(gj) and / o ( ? § ). 
The module W for 63 can be identified with the graded subspace {x £ gj : [h, x] — 
x} and, by restriction, we have a graded isomorphism Endq(gj) = EndF(W). 

The isomorphism $ in (|4.1.2[) is a graded isomorphism, so the grading on EndF(W / ) 
is completely determined by the grading on U, and hence, the grading on W , which 
is the only, up to isomorphism, irreducible graded module for Endp(W / ), is com- 
pletely determined, up to a shift, by the grading on U. (Note that the grading 
on W determines the grading on gj, and hence the grading on the whole g, as 
So = [flil.fll]-) 



FINE GRADINGS ON EXCEPTIONAL SIMPLE LIE SUPERALGEBRAS 



13 



Now the fact that $ : €Iq(U, q) — > Endq(gj) ~ EnchjfW) is a graded isomorphism 
shows that I{€Iq(U, q)) = [¥] in this case. There are only two possibilities then 
(see Subsection [2J>J: either m = 3 and, since we are looking only for fine gradings, 
U is graded over Z 3 , or m = and we have the situation in 12.31 where U is graded 
over Z|. 

In the first case the grading induced on is the Z 3 -grading given by the root 
space decomposition relative to the Cartan subalgebra of b3 spanned by the el- 
ements [iti,t>i], [^2,^2] and [1*3, 1*3] (&3 is identified with its image in £Iq(U, q) 
through l). Thus the grading we have on g is the Z 4 -grading corresponding to 
the root space decomposition relative to a Cartan subalgebra. The type of this 
grading is (36, 0, 0, 1). 

In the second case, we may identify U with C° and W with C for the Z^-graded 
Cayley algebra C (the spin module for so(C°, —N)) as in l2.3l and l3.11 The grading 
on W ~ C is a shift of the Z^-grading on C and hence we get the same homogeneous 
components as in the Z x Z^-grading in Subsection 13.11 We obtain, up to equiva- 
lence, the Z x Zj-grading in 13.11 of type (19, 0, 7). Note that the grading over Z| 
on f — C° cannot be refined while keeping the condition X((£[q(J7, g)) = [F], and 
hence the grading induced on g is fine. 



4.3. Assume now that our grading on g restricts to a Zj-grading on ai, which 
we identify with Q° for the Z^-graded division algebra Q. Hence 0j is a free 
right Q-module of rank 4, and the map $ : <£Iq(U, q) —> Endq(gj) in (|4.1.2[) is a 
graded isomorphism. Thus gj is, up to isomorphism, the unique irreducible graded 
£[g(J7, g)-module, its grading being determined, up to a shift, by the grading on 
€lo(U,q). Hence l(€k(U,q)) = [Q], so that we are left, according to 12.51 with 
three cases: 

(1) m = 2, and U is graded over Z 2 x Z| (as we are looking for fine gradings). 
Again the grading on U uniquely determines, up to a shift, the grading on 
01, and the shift is the one needed to force the product of odd elements 
01 x 01 —> 00; ( X :V) [ X :U]: to be a degree map. Therefore we get 
a unique possibility, which corresponds to the grading over Z 2 x Z 2 in 
Subsection 13.21 on ttt(/Cio) of type (32,4). Again the grading over Z 2 x 
Z| on U = Q° ® (V ® V) cannot be refined while keeping the condition 
Z(£[q(£7, <2)J = [Q], so the grading induced on g is fine. 

(2) m — 1, and U is graded over Z x Zj. This corresponds to the grading 
on ttt(/Cio) obtained by using the Z^-grading on Q° and the fine Z x Z2- 
grading on K-io as in Subsection 13.21 Its type is (31,0,3) and, as before, it 
is fine. 

(3) m = 0, and we are in the situation of 12.41 In particular, U appears as the 
subspace generated by the elements wi, ... ,wj in (|2.4.1|) inside Q<g) Q(g) Q = 
€l 6 (U,q). 

Since £Iq(/7, q) is isomorphic to Endg(gj), gj is the only, up to isomor- 
phism, graded irreducible module for €X^{U, q), and thus we may identify 
Ql with Q ® Q, with a grading which is a shift of the Z|-grading on Q ® Q 
inHH 

The bar involution on (C/, q) gives an orthogonal involution in Endg(gj), 
which is the adjoint involution for the skew-hermitian form h : (Q <E> Q) x 
(Q® Q) -> Qin (I2~X21 . 
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Since 63 is embedded in the subspace of skew elements of €Iq(U, q) rela- 
tive to the bar involution, the skew-hermitian form h : gj x gj — > Q is invari- 
ant under the action of 63. Also, for any q € ai = Q° and x, y 6 gi = <2<X> Q 

h {[q, x],y) + h(x, [q, y}) = -h(xq, y) - h(x, yq) 

= -qh(x,y) - h(x,y)q 

= [q,h{x,y)]. 

(Recall that gj becomes a right Q-module with [q,x] — —xq for any x £ gj 
and q £ Q°. The arguments here are inspired in [Eld04 .) 

Thus, relative to the adjoint action of Q° on Q, h : gj x jjj —> Q is 
ai-invariant too. 

Therefore the bilinear map 

01 x 0i ->■ Q° 

(x, y) i-> y) + h(y, x) = h(x, y) - h(x, y), 

is invariant under the action of both ai and b3, and hence under the action 
of go- But Hom go (gj (g) 0i, Oi) is one-dimensional and generated by the 
projection onto ai of the Lie bracket of elements in gj, which is a degree 
map. 

Hence gj = Q <X> Q is graded over a group G containing a copy of Z| in 
such a way that its grading is a shift by certain g g G of the grading on 
Q ® Q in 12.41 so that the skew-hermitian form h above becomes a degree 
map. That is, for homogeneous elements x, y in Q: 

deg s . (x <g> y) = .9 + dcg Q8Q (x® y) = 5 + (deg(a;), deg(y)). 

On the other hand, for homogeneous x <X> y £ (0i) a and u ® v € (gi)b, 
(g> y, u (X> w) = yq2vN(x, u) must belong to Qa+b- It follows then that 
2g = (0,deg(<j 2 )). (Note that Q is graded over OxZ^< Z|.) 

Therefore gj = <2<g> Q is graded over a group isomorphic to x Z4, which 
contains the copy of Z 2 given by Z 2 x (2Z4), with 5 = (0, 0, 0, 1) € Z| X Z4, 
and 

deg(z ® y) = (deg(x), deg'(y)) eZ^x (Z 2 x Z 4 ) = x Z 4 , 
where we have 

deg'(l) = (0,1), deg'fe) = (1,1), deg'(q 2 ) = (0,3), deg'fe) = (1,3) 
in Z 2 x Z4. 

We conclude that g is graded over Z| x Z4. The type of the grading is 
(16) on gj, (3) on 01, and (6,6,1) on 63. This type on 63 is computed by 
taking into account the degrees of the elements Wi's in (|2.4.1|) (considered 
as degrees on Z 2 x 2Z4) and checking the degrees of the homogeneous basis 
{[wi, Wj] : 1 < i < j < 7} of 63 (identified with its image in €.Iq(U, q)). The 
homogeneous subspace of dimension 3 corresponds to the degree (0, 0, 1, 3) 
(the degree of UJ7), which is one of the degrees appearing in ai. Hence the 
overall type of the grading on g is (24, 6, 0, 1). 

Note that this grading on g is fine too, as any refinement would give a 
refinement in b3, which would come from a refinement of the grading on U, 
but any proper refinement of this grading on U gives a value of l(£[g(C7, g)) 
different from [Q]. 
The next result summarizes our results on gradings on F(4): 

Theorem 4.3.1. The fine gradings on the simple Lie superalgebra F{A) are, up to 
equivalence, the following: 
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(i) The Cartan grading over Z of type (36,0,0,1). 

(ii) AZx Z\-grading of type (19,0, 7). 

(iii) A Z 2 x Z\-grading of type (32,4). 

(iv) AZx Z\-grading of type (31,0,3). 

(v) AZ A x Zl-grading of type (24, 6, 0, 1). 



5. Fine gradings on the exceptional simple classical Lie 
superalgebra g(3) 

Let g = go © 01 be the simple Lie superalgebra of type G(3), and let T : Q = 
<3) g eG9g be a fine grading, g g = (qq) 9 © (fli) g . Let D = Diag r (g) be the diagonal 
group of the grading. 

The even part of is the direct sum of its two proper ideals: Qq = a\ © 02, where 
di is simple of type A\ and 02 is simple of type G2. Since these are the only proper 
ideals of 0g, our grading T (that is, the action of the diagonal group D) induces a 
grading (not necessarily fine) on both di and 02. 

Identify again di with 5(2 (F). Then either there is a diagonalizable element 
h e s^F) of degree (that is, fixed by all the elements of D), or ai is Z 2 -graded. 

As a module for 0g, the odd part 0j is the tensor product of the two-dimensional 
irreducible module for ai and the unique seven-dimensional irreducible module for 

02- 

As in the F(4) case, if ai is Z^-graded (grading induced by the Z 2 -grading on 
Q), then gi becomes a free right Q- module. But the dimension of 01 is 14, which 
is not a multiple of 4. Hence this case is impossible. 

Therefore our fine grading is a refinement of the Z-grading given by the eigenspaces 
of the operator a.dh, with h above. On the other hand, our grading induces a grading 
on 02 , and this is induced by a grading on its unique irreducible seven-dimensional 
module, considered as the (Malcev) algebra of zero trace elements in a Cayley- 
Dickson algebra (see [DM06] . |BT09j or |EK10j 1. There are just two non-equivalent 
such fine gradings Eld98] : over Z 2 and over Z\ , and this gives the two fine gradings 
on 0, with grading groups Z 3 and Z x Z 3 , and respective types (28, 0, 1) and (17, 7). 

Therefore, we get: 

Theorem 5.0.2. The fine gradings on the simple Lie superalgebra G(3) are, up to 
equivalence, the following: 

(i) The Cartan grading over Z 3 of type (28,0,1). 

(ii) AZx Z\-grading of type (17, 7). 



6. The automorphism group of Z?(2,l;a) 

6.1. Let Vi, i — 1, 2, 3, be a two-dimensional vector space endowed with a nonzero 
skew-symmetric bilinear form bi : Vi x Vi — > F. Denote by sp(V^) the corresponding 
symplectic Lie algebra, which coincides with the Lie algebra of trace endomor- 
phisms sl(Vi). 

Then the exceptional simple Lie superalgebra = D(2, 1; a), a ^ 0,-1, is the 
Lie superalgebra with even and odd parts given by: 

00 =sp(V 1 )®sp(V 2 )®sp(V 3 ), 

01 = V 1 ® V 2 ® V 3 , 
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with the natural Lie bracket on gg, the natural action of gg on gj, and with the 
product of odd elements given by: 

[ui ® u 2 ® U3, Ui ® «2 ® v 3 ] = b 2 (u 2 , v 2 )b 3 (u 3 ,v 3 )-fl iVi 

+ a6i(ui, Vi)b s (u 3 , v 3 )jL V2 (6.1.2) 



+ (-1 - a)bi(u 1 ,vi)b 2 (u2,v 2 )jt 



3,V3 



for any m, Vi G V*, i = 1, 2, 3, where 7£ i| tli = bj( uj, .)vi + b(vi, .)it f (g sp(Vi)). This 
algebra is denoted by r(l, a, —1 — a) in Sch79] . 

It follows that D(2, 1; a) is isomorphic to D(2, 1; /3) (a, /? =^ 0, — 1) if and only if 

1-1 -a 1+ 

a, -1-a, -,— — , — — , 

a 1 + a 1 + a —a 

These isomorphisms are obtained by permuting the factors of Qi (and the corre- 
sponding simple ideals in gg). Thus, for instance, change b\ to abi, then Equa- 
tion (|6.1.2|) appears as [m ®u 2 ®U 3 ,V\ ®v 2 ®v 3 ] = ^b 2 (u 2 ,v 2 )b 3 (u 3 ,v 3 )jl lVl + 
bi{ui,vi)b 3 (u 3 ,v 3 )jl 2 V2 + ^^ L bi(ui,vi)b2(u 2 ,v 2 )ju 3 ,v 3 - Now permute the two 
first factors to get D(2, 1; a) = D(2,l; £). 

6.2. For any fi in the symplectic group Sp(Vi), i = 1,2,3, the map <-(/i,/ 2 ,/ 3 ) S 
End(g) given by: 

t (/i,/ 2 ,/3)(( a; i' a; 2,a;3)) = {fiXifr 1 j2X2f 2 1 ,f3X 3 f3 1 ), 

i (/i,/2,/ 3 )( u l ® "2 <E> U 3 ) = fl(u{) ® / 2 (ti 2 ) ® /3(«3), 

for a;, G sp(Vi), G Vi, i = 1,2,3, is an automorphism of the Lie superalgebra 

= .0(2,1; a). 

Moreover, for fagi G 5p(Vf), i = 1,2,3, i(/ 1: / 2 ,/ 3 ) = if and onl y if 

.9t = ej/i with e, = ±1, i = 1,2,3, and eie 2 e 3 = L 

Consider K = {(e 1 I Vl , £2lv 2 , £zlv 3 ) ■ U — ±1, i — 1,2,3, eie 2 e3 = 1}, where I Vz 
denotes the identity map on Vi, then we get a one-to-one group homomorphism: 

{SpiVt) x S P (V 2 ) x S P (V 3 ))/K -+ Autg 

(6.2.2) 

{hj2,h)K i-» L(f u f 2 ,f 3 ), 

and this is an isomorphism if a ^ 1, — i, — 2 and a is not a primitive cubic root of 

1 (see [Ser84] L 

Let us denote by Inn g the image of the homomorphism in (|6.2.2[) . 

6.3. For a G {1, —5, —2}, the Lie superalgebra g = D(2, 1; a) is isomorphic to the 
orthosymplectic Lie superalgebra asp (4, 2). 

For a = — h we get the order 2 automorphism 772,3 which "permutes" V 2 and 
V 3 in gj (once these spaces are identified by means of a linear isomorphism which 
takes b 2 to 63) and sp(V2) and sp(Vs) in gg, and it turns out that the automorphism 
group Aut g is the semidirect product of Inn g and the order two cyclic subgroup 
generated by 772,3. (Note that if a — 1 we have to use 771,2, while if a = —2, it is 
7Ti,3 the automorphism to be used.) 

Again for a = — i, one may consider the four-dimensional vector space W — 
V 2 ® V3, which is endowed with the nondegenerate symmetric bilinear form b : 
W x W -t F given by b(u 2 ® u 3 ,v 2 ® v 3 ) = b 2 (u 2 ,v 2 )b 3 (u 3 ,v 3 ) for any u 2 ,v 2 G V 2 
and u 3l v 3 £ V 3 . Then with V = Vi, the odd part is gj = V ® W. 

Then the orthogonal group O(IV) is the semidirect product of the subgroup 
Kh,h) : ^ G Wa),/a G Sp(V 3 )} (where ^ iA) («a®us) = /a(«a) <8 / 3 (« 3 )) and 
the order two cyclic group generated by the permutation of the two factors V 2 and 
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V3 as before. Besides, the orthogonal Lie algebra so(W) is naturally isomorphic to 
sp(V2) ® sp(V 3 ), so that we may identify Qq with Sp(V) © so(W). 
It turns out that 

Aut D(2, 1; - ±) = {Z {Lg) : f e Sp(V),g G 0(W)} , (6.3.1) 

where 

Z( f , g) (u®w) = f(u)®g(w), (6 3 2) 

l (f, g )( x ,y) = (f x f~ 1 ,gy9~ 1 ), 

for any u e V, to G W, a; G sp(V) and y e so(W). Thus Aut D(2, 1; -|) is 
isomorphic to 5p(V) x 0(W)/A", where # = {±(/y,/ w )}. 

6.4. Finally, if a is a primitive cubic root w of 1, then — 1 — a = uj 2 . Identify 
(Vi,bi), (V2,&2) and (1/3,63) by means of suitable linear maps, and then Autg is 
the semidirect product of Inn g and the order three cyclic group generated by the 
automorphism vj of q = D(2, 1; u) given by: 

w(xi,x 2 ,x 3 ) = (x 3 ,Xi,X2), 
, . , , (6.4.1) 

VJ\U\ ®U 2 ® U 3 ) — UJ(U 3 <g> Mi <g> M 2 ), 

for x t G sp(Vi) and u 4 G i = 1,2,3. 

6.5. Take a symplectic basis {ui, vi} of V/, Z = 1,2,3 (that is, 6;(uj, w/) = 1). Inside 
each symplectic group SpiVi) there appears the subgroup generated by the order 4 
elements ai and bi whose coordinate matrices in the basis {ui,vi} are: 

«,«(•»), -•). (6.5.1) 

(Here i denotes a square root of — 1.) These two elements generate an order 8 
subgroup which is isomorphic to the quaternion group Qs = {±l,±i,±j,±k} (a 
subgroup of the multiplicative group of the real division algebra of quaternions H) . 
Here i 2 = j = — 1, ij = — ji = k. 

Remark 6.5.1. The elements ai,bi in Sp(Vi) satisfy the relations af = bf = 1 
and aibi = — 6;a;. It is an easy exercise to note that given any two elements 
in SpiVi) satisfying these properties, there is a symplectic basis of Vi such that 
the coordinate matrices of these two elements are the ones above for a; and 6/. 
This shows in particular that any automorphism of Q$ is realized by means of a 
symplectic automorphism of V/ . 

Then, for arbitrary a ^ 0,-1, inside our group Inng (g = D(2, l;a)), there 
appears a subgroup isomorphic to (Q$) 3 /K, with K — {(61,62,63) G {±1} 3 : 
£16263 = !}• This subgroup will play a key role later on. 

We will need the following result: 

Proposition 6.5.2. Let G be the group (Qs) 3 /K as above, and let H be a maximal 
abelian subgroup of G. Then H is isomorphic to Z| x Z4 and, up to conjugation 
by elements in the subgroup of Aut G generated by triples of automorphisms of Qs 
and permutations of the three copies of Qs, H is one of the following: 

• (i) 3 /K, 

• {(x,x,y) G (Q 8 ) 3 : x G Q 8 , y G (i)}K/K, 
. ((i,i,i)K,(j,j,i)K,(i,j,j)K)/K. 

(Here (S) denotes the subgroup generated by S.) 

In order to prove this result we need a previous lemma: 
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Lemma 6.5.3. Let F 2 be the field of two elements, and let A\,A 2 , A 3 be three 
vector spaces over F 2 of dimension 2. Let B be a vector subspace of A\ © A 2 © A 3 
such that for any b\, b 2 € B the number of indices i = 1,2,3 such that the projection 
0/F2&1+F262 onto Ai is surjective is even, and B is maximal with these properties. 
Then, up to a reordering of the indices, we have one of these possibilities: 

(1) dimSnA, = lforanyi= 1,2,3 and B = (BCiAi) © (BC\A 2 ) © (Bf]A 3 ). 

(2) There is a linear isomorphism f : A\ — > A 2 and an element 7^ 03 G A3 
such that B = {a + f(a) : a G A{\ © F 2 a 3 . 

(3) There are linear isomorphisms f : A\ — > Ai, i = 2,3, and a basis {a, b} of 
A u such that B = ¥ 2 (a + f 2 {a) + f 3 (a)) © ¥ 2 (b + f 2 (b)) © F 2 (6 + f 3 (b)). 

Proof. It is easy to check that the vector subspaces B in these three cases satisfy 
the hypotheses of the lemma. 

Conversely, if B is a vector subspace satisfying the hypotheses of the lemma and 
B n Ai for any i = 1,2, 3, then we are in case 1). 

Thus we may assume BflAi =0. Also the conditions on B force dim B n (A 2 © 
A3) < 2. We split into different subcases: 

• If B n (A 2 © A 3 ) = 0, then dimB < 2. If dim 5 < 1, then B is contained 
in a larger subspace as in item 1), thus contradicting its maximality. If 
dimi? = 2, there is a basis {ai,b{\ of Ai, and elements a 2l b 2 G A 2 and 

b 3 G A 3 such that B = F 2 (ai + a 2 + a 3 ) © F 2 (6i + b 2 + b 3 ). Now if a 2 
and b 2 are linearly independent but 03 and b 3 are not, then B is contained 
in F 2 (ai + a 2 ) © F 2 (6i + b 2 ) © F 2 c for some 7^ c G A 3 , which is a subspace 
as in item 2). The same happens (after permuting the indices 2 and 3) if 
a 2 and b 2 are linearly dependent, but a 3 and 63 are linearly independent. 
The possibility of both a 2 and b 2 and a 3 and b 3 being linearly independent 
is ruled out by the hypotheses on B. 

• If B fl (A 2 © A 3 ) has dimension 1, there is a nonzero element c 2 G A 2 
and an element c 3 G A 3 such that c 2 + c 3 G £>. Here if the dimension of 
B is 1, again _B is contained in a subspace as in item 1). If dimi? = 2, 
then there are elements ^ a\ € Ai, a 2 € A 2 and 03 G A3 such that 
£> = F 2 (ai + a 2 + 03) © F 2 (c 2 + c 3 ). The hypotheses on B show that either 
a 2 G F 2 C2 and dimF 2 a3 + F2C3 < 1, in which case B is contained again in 
a subspace as in item 1), or a 2 and c 2 are linearly independent in A 2 and 
so are a 3 and c 3 in A 3 . In the latter case B is contained in the subspace 
F 2 ai © F 2 (ci2 + 03) © F 2 (c2 + c 3 ) which, after a cyclic permutation of the 
indices, is a subspace as in item 2). 

Finally, if dimi? = 3, then there are elements ai,bi G A i} i — 1,2,3 such 
that B = F 2 (ai +a 2 + a 3 ) © F 2 (bi +b 2 + b 3 ) © F 2 (c 2 + c 3 ), with ai and b x 
linearly independent. We are left with several subcases: 

— If for instance a 2 and C2 are linearly independent, we may add to the 
vector 61+62 + ^3 a suitable linear combination of the other two basic 
vectors to get the same situation but with b 2 — 0. Then the hypotheses 
on B force b 3 and c 3 to be linearly dependent, but both 03 and 63, and 
a 3 and C3 must be linearly independent. Hence 63 = c 3 and, up to a 
permutation of the indices 1 and 3, we are in the situation of item 3). 
The same happens if a 3 and c 3 are linearly independent, or b 2 and c 2 
are linearly independent, or 63 and C3 are linearly independent. 

— Hence we may assume that the pairs {a 2 ,c 2 }, {a 3 ,c 3 }, {6 2 ,c 2 }, and 
{63, C3} are linearly dependent. Then since c 2 7^ 0, we may assume 
a 2 = b 2 = 0: B = F 2 (ai + a 3 ) © F 2 (6i + 63) © F 2 (c 2 + c 3 ). Hence our 
hypotheses imply that a 3 and b 3 are linearly independent and hence 
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C3 = (as C3 is linearly dependent with both 03 and 03). Up to a 
permutation of the indices 2 and 3 we are in the situation of item 2). 

• Finally, if dim BPi(A 2 (BA 3 ) = 2, then there are elements 02+03, 62 + 03 G B 
with a 2 and 62 linearly independent in A 2 . Our hypotheses show that then 
03 and 63 are linearly independent in A3. Assume that x\ + x 2 + x 3 £ B 
with x\ 7^ 0. Then by adding a suitable linear combination of 02 + 03 and 

62 + 63 we may assume that X2 = 0, and hence both x 3 and 03, and x$ and 

63 must be linearly dependent. This forces x$ = 0. Up to a permutation of 
indices 1 and 3 we are in the situation of item 2). 

□ 

Let us proceed now to the proof of Proposition 16.5.21 Note first that the cen- 
ter Z(G) of our group G = (Q$) 3 /K is the subgroup {(£1,62,63) : 6/ = ±1,1 = 
1,2,3} /K which is a subgroup of order 2, and the quotient G/Z(G) is isomor- 
phic to ^Qg,/Z(Qs)j which, in turn, is isomorphic to the abelian group Z|, since 

Qs/Z(Qs) is the direct product of two copies of the cyclic group of order two. 
Therefore, GjZ(G) is a vector space over F2. 

Consider the elements e\ — (i,l,l)K, e 2 — (j, 1,1)^, e3 = (l,i,l)K, a — 
1)K, e 5 = (1, 1, i)K, e 6 = (1, l,j)K, and -1 = (-1, -1,-1)K. Then ej = -1 
for any I = 1,...,6, and in G we have e r e s = e s e r unless {r, s} = {21 — 1,21} 
(I = 1,2,3), in which case we have e r e s = (— l)e s e r . Denote by e\ the class of e; 
modulo the center. Then, as a vector space over F 2 , G/Z(G) — A\ © A 2 © A 3 with 
A\ = F 2 ei+F 2 e2, A 2 = F 2 e3+F 2 e4, and ^3 = F2e 5 +F2e 6 . Moreover, any maximal 
abelian subgroup of G contains the center Z{G) and its quotient modulo this center 
is a subspace of G/Z{G) satisfying the hypotheses of the previous lemma. Whence 
the result. □ 

In the same vein, inside the symplectic group Sp(Vi) there appears a subgroup 
isomorphic to the torus F x . This is just the subgroup consisting of the endomor- 

phisms whose coordinate matrix in the symplectic basis {u\, v\\ is Then 
inside our group Inng (g — D(2, l',a)), there appears also a subgroup isomorphic 
to (F x x Q s x Q s )/K, with K = {(e u e 2 , 63) S {±1} 3 : eie 2 e 3 = 1}- 
With a simpler proof than the one for Lemma 16.5.31 we obtain: 

Lemma 6.5.4. Let ¥ 2 be the field of two elements, and let A\,A 2 be two vector 
spaces over ¥ 2 of dimension 2. Let B be a vector subspace of A\ © A 2 such that for 
any bi, b 2 G B the number of indices i — 1,2 such that the projection of¥ 2 bi + F262 
onto Ai is surjective is even. Then we have one of these possibilities: 

(1) There are nonzero elements a\ € A\ and a 2 € A 2 such that B is contained 
in ¥ 2 ai © F2CI2. 

(2) There is a linear isomorphism f : A\ — > A 2 such that B = {a + /(a) : a € 
A,}. 

This lemma makes easy the proof of the next result, which will be used later on: 

Proposition 6.5.5. Let G be the group (F x x Q 8 x Q s )/K as above, and let H 
be a maximal abelian subgroup of G. Then, up to conjugation by elements in the 
subgroup of Aut G generated by couples of automorphisms of Qs, H is one of the 
following: 

• (F x x (i) x ({}) jK, 

• (F x x {(x,x) : x e Q 8 })K/K. 

Proof. It must be noted first that the subgroup (F x x {±1} x {±1})/^ is precisely 
the center of G, so it is contained in any maximal abelian subgroup. Moreover, 
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the quotient G/Z(G) is isomorphic to (Qs/Z(Q S )) 2 , which is isomorphic to the 
abelian group Zf. Now HZ(G)/Z{G) is a vector subspace of G/Z(G), considered 
as a vector space over Fa, and now Lemma \6 . 5 .41 applies . □ 

7. Inner fine gradings on D(2, 1; a) 

Let q = Qq ©0j be the simple Lie superalgebra of type D(2, 1; a), a^O, —1, and 
let T : = ® g eaQg be a fine grading, g g = (0 O ) g © (0i) g . Let D = Diag r (0) be the 
diagonal group of the grading, which is a maximal abelian diagonalizable subgroup 
of Aut 0. 

In this section we will deal with the case in which D is contained in Inn0 ~ 
(Sp(Vi) x Sp(V2) x Sp(V 3 )) /K. In this case, D fixes each simple ideal sp(Vi) (I = 
1,2,3) of 0o, and hence it induces a grading on each such ideal. 

7.1. Assume that the grading induced on each sp(Vi) is a fine Z^-grading. A 
symplectic basis {ui,vi} can then be chosen on each Vi, so that D is contained in 
the subgroup of Inn0 isomorphic to (Qs) 3 /K considered in the previous section. 

Proposition 16 . 5 . 21 gives the possibilities here for D, but only the last one satisfies 
that the grading on each sp(VJ) is a fine Z^-grading for each I = 1, 2, 3. Therefore, 
up to a change of the symplectic basis on each Vi (see Remark 16.5. ID it turns out 
that D is the group generated by the elements: 

L (ai,a 2 ,a 3 )i L (b 1 ,b 2 ,a 3 )^ L (a 1 ,b 2 ,b 3 )i 

which is isomorphic to Z| x Z4. 

The homogeneous spaces are the common eigenspaces for these three generators. 
The type of this grading is easily checked to be (14, 0, 1), with all the homogeneous 
components in 0j of dimension 1. This grading is indeed fine, no matter what the 
value of a is. Actually, D is indeed a maximal abelian subgroup of Aut because 
its centralizer is easily proved to be contained in the subgroup of Inn isomorphic 
to (Qs) 3 /K considered so far, and D is a maximal abelian subgroup here. 

7.2. If for an index / = 1,2,3, the restriction of D to sp(V;) does not induce a 
Zj-grading, then we know that there is a diagonalizable element h £ sp(Vi) in the 
zero component. We may take / to be 1 without loss of generality, at the cost of 
changing a by one of the values in {a, — 1 — a, — , -rr - , tt^, ^^}. 

Also, we may scale h so that there is a symplectic basis {ui,vi} of V\ with 
h{u\) = u\ and h{v\) = —v\. In particular the eigenvalues of h on V\ are 1 and — 1, 
and hence the action of h induces a 5-grading on 0: = 0_ 2 ffi 0-i © 0o © 01 © 02, 
as in 14.21 Since the degree of h is 0, each m , — 2<m<2, is a graded subspace 
in our grading T, so our fine grading T is a refinement of this 5-grading, and hence 
the subgroup 

{t-id^ivzJvs) '■ M e F>< } 

is contained in D. (Here c? M denotes the element in Sp(Vi) with coordinate matrix 

(0 z^ 1 ) m our svm pl cc tic basis {ui,vi}, I — 1,2,3.) 

In case the restriction of D to each Vi, I = 1, 2, 3, does not induce a Z|-grading, 
the argument above shows that the subgroup (for a suitable election of symplectic 
bases) 

is contained in D. But this subgroup is the maximal abelian diagonalizable sub- 
group of Aut which induces the fine Z 3 -grading given by the root space decom- 
position relative to a Cartan subalgebra. Hence D equals this subgroup, and we 
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get the fine Z 3 -grading (Cartan grading) whose type is again (14,0, 1), the three- 
dimensional homogeneous space being the zero space, which is the Cartan subalge- 
bra involved. 

7.3. It cannot be the case that D induces a Z^-grading only on one of the ideals 
Sp(Vi). Indeed, we may assume that I = 3. The arguments above give that we may 
choose suitable bases such that the subgroup 

{ t («J„ 1 .<Wv,) ■ 1*1,1*2 e F x } 

is contained in D, and hence D is contained in the centralizer of this subgroup in 
Inng, which is the subgroup 

{'(•Jmi ,«*«./») : /*!»/*» e f x , f 3 e s P (v 3 )} . 

The fact that the grading induced on sp(V3) is a Z^-grading shows that we may 
choose a symplectic basis on V3 such that D contains elements 

for some nonzero scalars /ii, fi^i v\, v-i. But these elements do not commute (they 
anticommute) , a contradiction since D is an abelian subgroup. 

7.4. We are then left with the situation in which D induces a Z|-grading on 
two of the simple ideals in gg, while the other simple ideal contains a nonzero 
diagonalizable element of degree 0. At the cost of changing the value of a, we may 
assume that D induces a Zf-grading on sfi(V^) and sp(Va). 

As before we have that the subgroup 

{i(rf M ,/v 2 ,/v 3 ) : » e F>< } 

is contained in D, that D is contained in its centralizer in Inng, and that we may 
choose symplectic bases on V2 and V3 such that, denoting by Q\ the subgroup of 
Sp(Vi) generated by a; and bi in (|6.5.1[) . D is contained in the subgroup 

{^,/ 2) /3)^GF x ,/ 2 GQi heQl}. 

This last group is isomorphic to the group (F x x Q & x Q s )/K considered in Propo- 
sition 16.5.51 This proposition shows that we may choose symplectic bases on V2 
and V3 such that D becomes the subgroup generated by the elements 

L (d^Jv 2 Jv 3 ), A 1 £ F X , t(j Vi)02i03 ), 4(J Vl ,6,,6 s ), (7-4.1) 

which is isomorphic to F x x Z|. Therefore we get a Z x Z^-grading. Its type is 
easily checked to be (11,3), where the three two-dimensional homogeneous spaces 
are contained in sp(V2) ® Sp(\>3). 

If a 7^ — a, then the centralizer of D is contained in Inng, so if D were contained 
in a larger abelian diagonalizable group D, this would be contained in Inng, so it 
would induce Zj-gradings onsp(V^) andsp(Vs). Since 4(^,1^ ,j v ), ^ G F x , belongs 
to D too, it induces a Z-grading on sp(Vi). Hence D is contained in the subgroup 
isomorphic to (F x x Qg x Qg)/ K considered in Proposition l6.5.5l but D is a maximal 
abelian subgroup here. 

On the other hand, if a = — |, then the automorphism 772,3 which permutes V2 
and V3 (once we fix the symplectic bases as before) centralizes the action of D, and 
hence D is not a maximal abelian diagonalizable subgroup of Aut g in this case. 
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Remark 7.4.1. Even for a = — |, the group generated by the elements t^ v jIv ^ 
(fx € F x ), t( auaa j v ) and i(bi,b 2 ,iv 3 ) ^ s a max i m al abelian diagonalizable subgroup 
of Autg, and hence it induces a fine grading over ZxZ| This corresponds to the 
fine Z x Z^-grading on D(2, 1; 1) (or D(2, 1; —2)) given by the subgroup generated 
by the elements in (|7.4.1|) . 

Also, for a £ {1, —2, — t|,w, w 2 } there appear three non-equivalent fine Z x Z|- 
gradings, as the simple ideal of gg on which the induced grading is a Z-grading 
may be any of the three simple ideals, and these ideals are not permuted by the 
automorphism group Autg. 



8. Outer fine gradings on D(2, l;a) 

This section is devoted to the classification of the fine gradings on the simple 
Lie superalgebra g = D(2 7 l;a) whose diagonal group is not contained in Inng. 
Therefore we have to deal with two cases, either a is a primitive cubic root w of 1, 
or q is the orthosymplectic Lie superalgebra osp(4, 2). 

8.1. Case D(2, 1; lu). Let g be the Lie superalgebra D(2, 1; uj), where w is a fixed 
primitive cubic root of 1. Given symplectic isomorphisms fi : Vi — > V;+i (that is, 
linear isomorphisms such that bi+i (fi(u t ), //(«/)) = bt(ui,Vi) for any u h vi € Vi), 
for I — 1,2,3, where we are taking the indices modulo 3, consider the linear map 
®Uuh,h) : 0-^0 given by: 

$ (/i,/2,/ 3 )( u i ® u 2 ® u 3 ) = ujf 3 (u 3 ) <X> /i(ui) <g> f 2(112), 

for xi G Sp(Vi), ui eVi,l = 1, 2, 3. 

This map / 2 ./ 3 ) is an automorphism of g which permutes cyclically the three 
simple ideals sp(V;) of gg. 

Lemma 8.1.1. The automorphisms of g permuting cyclically the three simple ideals 
of gg: sp(Vi) I-?- sp(V2) i-> sp(Vs) i-» sp(T4), are precisely the automorphisms 
^(f 1 j 2 j 3 ) defined in (jS.l.ip . 

Proof. If is such an automorphism, then for fixed /1, /2, /3 as above, / 2 / 3 ) 

is an automorphism which fixes the three simple ideals of gg, and hence belongs to 
Inng. Hence there are elements gi £ Sp(Vi), I = 1,2,3, such that f 2 — 

Kai ,92,93)- But then > 

f = t (9l>92,ff3)^ > (/l,/2,/3) = ^(32/1,93/2,91/3) 

as required. (Note that it is enough to check the above equality in elements of 0j, 
where it is obvious, as gj generates g.) □ 

Let ip = ^(f 1 j 2 j 3 ) be an automorphism as before which permutes cyclically the 
simple ideals of gg- Use f\ and /2 to identify V2 and V3 with V = V\. Then with 
/ = /3/2/1 G Sp(V), we have ip = $(j v ,/v,/)- 

Lemma 8.1.2. Under the above conditions, the centralizer of ip in Inng is the 
subgroup 

{ L (9,9,9) '■ 9 € Sp(V), fg = gf}, 
which is naturally isomorphic to the centralizer of f in Sp(V). 
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Proof. FoT 9l ESp(V),l = l,2,3, 

L {gi,92,g3) L P ~ ^(92,93,31/)' 
L P b (gi,g2,93) ~ < ^ > (si,S2,/g3)' 

and hence, the automorphism t( ffl) g 2)fl3 ) centralizes <p if and only if there are e; = ±1, 
/ = 1,2,3, with eie 2 e 3 = 1 such that 31 = eig 2 , 32 = e 2 g 3 and fg 3 = e 3 9if- It 
follows that g 3 f = fg 3 , and (51,32,33) = (£333, £233, 33) = (£23, ^33, e iff), with 
3 = ei33 € Sp(V). The result follows since i( e2g ,e 3g , £ig ) = Hg,g,g)- 1=1 

Let r : g = (Bg^GQg be a fine grading and let D = Diag r (g) be the diagonal 
group of the grading. Assume that D contains an automorphism ip as above which 
permutes cyclically the three simple ideals of Qq, so that with the identifications 
above we may assume that (p = $(i v ,i v j) for some / € Sp(V). Note that p 3 — 
L {fJJ)> so that, since <p is diagonalizable, so is /. Hence there is a symplectic basis 
{u, v} of V such that the coordinate matrix of / is c? M = ( ^ ^° 1 ^ for some /1 £ F x . 

The centralizer of / in Sp(V) is then easily checked to be either the whole Sp(V) 
if p, = ±1, or the subgroup {d v : v £ F x } otherwise (where we identify any element 
in Sp(V) with its coordinate matrix in the basis above). In the second case, our 
maximal abelian diagonalizable subgroup D is contained in the centralizer of ip, 
which is abelian and diagonalizable. While in the first case, the centralizer of 
/ in Sp(V) is the whole Sp(V). The maximality of D shows that there is some 
diagonalizable 3 £ Sp(V), g ^ ±Jy such that L( g , g , g ) £ D. Now we take a symplectic 
basis {u,v} of V in which the coordinate matrix of 3 is for some /i ^ ±1, and 
we conclude (since D is contained in the centralizer of i( g . g . g )) that D is generated 
by (/? and the subgroup {i(d„,d u ,d u ) : ^ G F x }. 

In any case, there is an element 3 G S'p(V) such that i( g ,g l£( ) £ -D and g 3 = 
/ . Then i( g . g . g )P — ^( g , g , g f), which is an automorphism in D whose cube is 
Ui Vt iyjy) = 1, as g 3 f = Therefore, we may assume from the beginning that 
our element ip in D which permutes cyclically the three simple ideals of Qq satisfies 
p 3 == 1 , and hence we may choose the identifications of V 2 and V 3 with V — V\ so 
that p = ®(i v jy,i v ), and 

D = W d ,M M : fi G F x } x (ip) = F x x Z3. 

We thus obtain a Z x Z^-grading. 

It is straightforward to check that all the homogeneous spaces are one-dimensional. 
That is, its type is (17). 



8.2. Case D(2,l;— |). In this subsection we deal with the case in which the 
diagonal subgroup of our fine grading permutes two of the three simple ideals in Qq. 
Then a £ {1,-5,-2}. Without loss of generality we may assume that a = — \ and 
hence that the permuted ideals are sp(V 2 ) and sp(V 3 ). In this case g — D(2, 1; — i) 
is isomorphic to the orthosymplectic Lie superalgebra osp(4, 2). 

Working as in 18.11 given symplectic isomorphisms / : V\ — > V\, 3 : V 2 — > V 3 and 
h : V3 — >■ V2, the linear map &(f, g ,h) '■ 3 given by: 

^(f,g,h)(xi,x 2 ,x 3 ) = (fx 1 f~ 1 ,hx 3 h~ 1 ,gx 2 g~ 1 ), 

(8.2.1) 

®(f,g,h){ui ®u 2 ® u 3 ) = /(tti) ® h(u 3 ) ® 3(^2), 

for a;; £ sp(Vi), ui £ Vi, I = 1, 2, 3, is an automorphism of g which permutes Sp(V2) 
and sp(V 3 ). 

We easily prove the following result, similar to Lemma \8. 1.11 
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Lemma 8.2.1. The automorphisms of q permuting the simple ideals Sp(V^) and 
Sp(V3) of 0o are precisely the automorphisms &(f, g ,h) defined in (18.2. ID . 

Let ip = &(f, g ,h) be an automorphism as before which permutes the two last 
simple ideals of Qq. 

Lemma 8.2.2. Under the above conditions, the centralizer of ip in Inng is the 
subgroup 

{. L {h,h,h- 1 f 2 h) '■ h G Sp(Vi), f 2 G Sp(V 2 ), 

fif = hhg = ehgf 2 , for some e = ±1}. 

Proof. For f t <= Sp{Vi), I = 1,2,3, 

t (/l,/2,/3)¥ 5 = ®(flf;hgj2h)l 

<PHfuh,h) = ®(ffi,9f2,hf 3 ), 

and hence, the automorphism i>tf 1 j 2 ,h) centralizes <p if and only if there are e; = ±1, 
I = 1,2,3, with eie 2 £3 = 1 such that fif = ei//i, f 3 g = e 2 gf 2 and f 2 h = £3/1/3- 
But t(/ 1 j 2 ./ 3 ) = t (-/i,/ 2 ,-/3)' so we ma y assume £3 = 1 and £1=62 = £. The result 
follows. □ 

Let r : q = © gS G0g be a fine grading and let D = Diag r (g) be the diagonal 
group of the grading. Assume that D contains an automorphism Lp — < &(/ !9i h) as 
above which permutes sp(V 2 ) and sp(Va), and write D = D n Inng. Note that 
p 2 = i(y2 ,hg,gh)i so that, since ip is diagonalizable, so are f 2 and hg, and hence so 
is / too. 

For I = 1, 2, 3 we have the projection map: 

hi : Innfl PSL(Vi) = Autsp(Vj) 

where // denotes the class of // £ Sp(Vi) = SL(Vi) in PSL(V t ). 

For I = 1, we may even consider the projection map 7Ti : Autg — > PSL(Vi), 
since any automorphism of q preserves sp(Vi). 

The abelian diagonalizable subgroup tti(D) induces a grading on sp(l / i), while 
ir 2 (D) and ir 3 (D) induce gradings on &p(V 2 ) and sp(V 3 ). Moreover, Lemma [8.2.21 
shows that tt 3 (D) is isomorphic to tt 2 (D). From the known facts about gradings 
on 512(F), either there exists a diagonalizable element in the zero component of the 
grading induced by ir 2 (D) on sp(V2), or ir 2 (D) (and hence ir 3 (D) too) is isomorphic 
to Z|. Actually, in this case a symplectic basis of V 2 can be chosen such that 
tt 2 (D) — (02,62), with a 2 and b 2 as in (|6.5.ip . 

We are left with several possibilities: 

(1) Assume first that for the grading induced by ir\(D) on sp(Vi) there is a 
diagonalizable element in the zero component. Then, as in 17. 2[ there is a 
symplectic basis v 1} of V± such that {£(d M ,r v ,i v ) : G F x } is contained 
in D and ^i(D) = {J M : /i € F x }. In particular, with 93 = &(f,g,h)> ^ follows 
that f = dfj, for some /1 6 F x . We may change y> to _ 1 ,/ V2 ,j v - 3 )</? and 
hence assume / — Iv t ■ Then the centralizer of ip in Inn q is the subgroup 

{ t (/i,/2,/i- 1 /2M : h e ^(Vi), h G S>(V^), f 2 hg = hgf 2 }. 

Since hg is diagonalizable, we may take a symplectic basis {112,^2} of V 2 
such that the coordinate matrix of hg is d^ for some £ € F x . 
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In case hg ^ ±/y 2 , then £ ^ ±1, and the centralizer of d^ in Sp{V2) 
is the subgroup {d^ : /i G F x }. It follows that D is contained (since 
7Ti(D) = {dfj, : n € F x }) in the abelian subgroup 

{i(d l j,dv,h- 1 d»h) : e¥ x } 

of the centralizer of and hence, by maximality of D, this subgroup is the 
whole D. Consider now the symplectic basis already taken in V\ and V 2 
and the symplectic basis {^3 = g(u 2 ), v 3 — g(v 2 )} of V3. In these bases the 
coordinate matrix of g is the identity, while the coordinate matrix of h is 

= ^ ^-l ^ . We may change ip to 

^,^-1/2,^-1/2)^ = ^(^,^-1/2 ,^1/2)' 

whose square is the identity. That is, we may assume that ip equals the 
map - with g : V 2 -»■ V3 such that <j(u 2 ) = £~ 1/2 «3, 5(^2) = £ 1/2 «3, 

and h : V3 ->• V 2 such that /i(u3) = £ 1//2 u 2 , /t(«3) = C -1 / 2 ^- If we take 
the new symplectic basis {£ _1 / 2 W3, S^^vz} of V3, the coordinate matrix of 
both g and h in these bases is the identity matrix, and 

D = Dx(^)= {L {dfl4 „, du) :/i,^F x }x(^ (F x ) 2 x Z 2 . 

We get then a Z 2 x Z 2 -grading on g. 

The first copy of Z gives the Z-grading whose homogeneous spaces are 
the eigenspaces of the adjoint action of z = (0-1) m s P(^i) ( a 5-grading). 
The second copy of Z gives the Z-grading whose homogeneous spaces are 
the eigenspaces of the adjoint action of (z,z) e sp(V 2 ) ©sp(V3). The copy 
of Z 2 corresponds to the Z 2 -grading on g given by the automorphism ip 
which fixes elementwise V\ and interchanges V 2 and V3. The type of the 
Z 2 x Z 2 -grading is (15,1), the two-dimensional homogeneous space being 
the subspace generated by z € sp(Vi) and (z,z) e sp(V 2 ) ©sp(V 3 ). This 
grading is certainly fine. 

In case hg = — ly 2 , then we may compose <p with the grading auto- 
morphism t(_j v j v j v ) = i (iv 1 ,-iv 2 ,iv 3 ) (which belongs to D) 1 and hence 
assume that hg = /y- 2 . In this latter case, ip 2 = 1, and the centralizer of y> 
in Inng is the subgroup 

This group is isomorphic to the group Sp(V\) x PSL(V 2 ) by means of the 
ma P Hfuf2,h- 1 f2h) (/i,/2). 

Our assumptions on 7Ti(D) show that in this case I? is contained in the 
group 

{*(<W,fc-i//0 = M e F x , / e 5p(y 2 )} -F x x P5L(y 2 ) =F X x AuUp(^). 

The maximality of D shows that D is a maximal abelian diagonalizable 
subgroup of this group, and hence either there is a symplectic basis {u 2 , v 2 } 
such that 

D = {^d^.d^h-^d^h) ■ € F x }, 

and we are in the previous situation giving the Z 2 x Z 2 -grading, or n 2 (D) 
induces a Z 2 . -grading on sp(V 2 ). In this latter case, there is a symplectic 
basis {u 2l v 2 } of V 2 such that 

D = {t(d M ,/,fc-i/fc) : ^ e F x , / G {/y 2 ,a 2 ,& 2 ,a 2 6 2 }} = F x x Z 2 . 
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Therefore D = D x (p) = F x x Z| and we get a Z x Z 2 -grading on g. It is 
easy to check that its type is (17). 

At this point we should look back to Subsection [731 The grading above 
refines the grading over Z x Z| considered there (a = — A). 

(2) Otherwise T induces a Z 2 -grading on sp(Vi). Let us check that in this case 
we have the following conditions: 

7n(D) = Z§, m(D) = Za, Trap) = Z^ = tt 3 (.D). (8.2.2) 

Actually, the fact that 7Ti(-D) be isomorphic to Z| is equivalent to V in- 
ducing a Z^-grading on sp(Vi). Then there is a symplectic basis 
of V\ such that tti(D) = {(i\,b\) {ax and fei as in (16.5. ID ). If tti(D) 
were isomorphic to Z|, then, as I? induces a grading on g preserving the 
three simple ideals of gg, the arguments in 17.31 would show that ir 2 (D) = 
1? 2 = n 3 (D). But for any t(f 1 j 2 ,h-^f 2 h) and L (h,h,h- 1 hh) in € 
{±/ yi ,±ai,±&i,±ai&i}. Then, as 7r 2 _(D) = Z|, / 2 / 2 = e/ 2 / 2 for e = ±1, 
and hence (h^ 1 fch)^ 1 f 2 h) = e(/i _1 f 2 h)(h^ 1 f 2 h). Thus, since t>(f u f 2 ,h- l f 2 h) 
and t/^ ^ commute, we conclude /i/i = /i/i, and hence 7Ti(-D) is a 

cyclic group of order 2 (/i and /i are elements of a quaternion group which 
commute, and hence tti(D) is the image of a commutative subgroup of the 
quaternion group modulo the center). 

Note that the element / is in Tt\{D) (recall p — $(/, 9i ^)), and tti(D) = 
(/, 7Ti(l))), so / 7^ ±1 and we may take a symplectic basis {ui,vi} of V\ 
such that / = b\ and ni(D) — (ai). Thus there is an element of the form 
Since iai anticommutes with bi and L(±a\.f 2 .h- 1 f 2 h) 
is in the centralizer of (p, it follows that / 2 anticommutes with hg. Also 
"P 2 = ®(f,g,h) = L U 2 ,hg,gh) so hg e tt 2 (D). Thus 7T 2 (Z)) = (f 2 ,hg) =7L\ = 
tt^(D). This finishes the proof of the conditions in (|8.2.2j) . 

Therefore, we may choose a symplectic basis {u 2 , v 2 } of V 2 such that we 
have 

D C {t(/ llA ,fc- 1A fc) : /i G {i/vL.ioi}, / a G {±J Va , ±o 2 , ±6 2 , ±a 2 6 2 }} , (8.2.3) 

and = /i.g = 6 2 . 

But the intersection of the subgroup in the right hand side of Equa- 
tion (|8.2.3[) with the centralizer of <p is 

{^(±iv 1 ,f2,h- 1 f 2 h) ■ h G {±Iv 1 ,±b 2 \^\J{L ±ai j 2th -i hh) : f 2 G {±a 2 ,±a 2 b 2 }} 

= { i (±Iv 1 j2ji- 1 f2h) '■ /2 G {IvxM}} |J { L ±a 1 j 2 ,h-if 2 h) ■ I2 G {a 2 ,a 2 fe 2 }} , 

which is an abelian subgroup. By maximality, D coincides with this sub- 
group, and D is generated by D and (p. 

Note that p 2 = $f bug>h) = i>{bl,h g ,gh) = H-i Vl M,h-^b 2 h) and p 4 = 

1. Also, consider the element ip = i( ai .a 2 .h- 1 a 2 h) m D. Then ip 2 = 
L {-i Vl -iv 2 -iv 3 ) i s the grading automorphism, so ip A = 1 too. Besides (p) H 
(?/>) = 1. Hence, since -D has eight elements, and [D : D] = [D : Dfllnng] = 

2, it follows that \D\ = 16, and thus D = (p) x (?/>) = Zf . 

Then we get a fine Z^-grading whose homogeneous spaces are the com- 
mon eigenspaces of p and ip. Its type is easily computed to be (13, 2), the 
two homogeneous spaces of dimension two being contained in gg. 

Let us put together the fine gradings on D(2, 1; a) in the final result of the paper: 
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Theorem 8.2.3. The fine gradings on the simple Lie superalgebra D(2, 1; a) (a ^ 
0, — 1) are, up to equivalence, the following: 

(i) The Cartan grading over Z 3 of type (14,0,1). 

(ii) A Z4 x Z^-grading of type (14,0, 1). 

(iii) For a (jL {1, — 2, — i, lu, lo 2 }, three non- equivalent Z x 1\-gradings of type 
(11,3), and for a € {1, — 2, — ^, w, u; 2 } a unique Z x 1\-grading of type 
(11,3). 

(iv) For a G {w,oj 2 }, a Z x HL^- grading of type (17). 

(v) For a G {1, —2, — |}, a Z x "L^-grading of type (17). 

(vi) For a 6 {1, —2, —5}, a Z 2 x ^-grading of type (15, 1). 

(vii) For a € {1, — 2, — 2}, a Z4 X Z4- grading of type (13,2). 
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